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– [$\mathrm{O}\mathrm{O}|$ shifted Schur function . ,
$p_{i}(x)$ ( ) $x_{i}=y_{i}+N-i$
shifted Schur function . shifted Schur function –
(8.1 ) .
,
. , – (
) (8.3 ) .
– .
([Ma2] , – ) .
Typaeet by $A_{\lambda 4}\theta \mathrm{I}\mathrm{g}$
1508 2006 12-38 12
, [Mal].
$p_{n}(x)= \prod_{k=1}^{n}(x-a_{k})$ .
$a_{k}$ . – ( shifted










$(x+y)^{\overline{n}}= \sum_{k\geq 0}x^{\overline{k}}y^{\overline{n-k}}$, $(x+y)^{\underline{n}}= \sum_{k\geq 0}x^{\underline{k}}y^{\underline{n-k}}$ .
.
$p_{n}(x+y)= \sum_{k\geq 0}p_{k}(x)p_{n-k}(y)$
$\{p_{n}(x)\}_{n\geq 0}$ ( $p_{n}(x)$
$n$ ) . $\{p_{n}(x)\}_{n\geq 0}$ , $p_{n}(0)=\delta_{n},0$
( $n\geq 1$ $p_{n}(x)$ ) .
13
$\{x^{n}\}$ , $\{x^{\overline{n}}\}$ , $\{x^{\underline{n}}\}$
.
12. , .
$D= \frac{d}{dx}$ , $Dx^{n}=nx^{n-1}$
. , $\Delta^{-}$ , $\Delta^{+}$
:
$\Delta^{-}x^{\overline{n}}=nx^{\overline{n-1}}$ , $\Delta^{+}x^{\underline{n}}=nx^{\underline{n-1}}$ .
, – . –
$\{p_{n}(x)\}_{n\geq 0}$
$Qp_{n}(x)=np_{n-1}(x)$
$Q=Q_{x}$ : $\mathbb{C}[x]arrow \mathbb{C}[x]$ ( $\{p_{n}(x)\}_{n\geq 0}’$ $\mathbb{C}[x]$
– ) . Q :
(1) $n$ $n-1$ ( $0$ ) .
(2) $E^{a}$ : $f(x)rightarrow f(x+a)$ .
. (1) $n$
$n-1$ . $D^{2}$








. (1) ( $a:\in \mathbb{C},$ $a_{1}\neq 0$ ) :
$Q=a_{1}D+a_{2}D^{2}+a_{3}D^{3}+\cdots$ .
14
$\mathbb{C}((x^{-1}))=\{\sum_{-\infty<k\leq n}c_{k}x^{k}|n\in \mathbb{Z}, c_{k}\in \mathbb{C}\}$
(
) .
(2) $Q$ $Q=f(D)$ $D$ ,
$\{p_{n}(x)\}_{n\geq 0}$ :
$e^{x\overline{f}(t)}= \sum_{k=0}^{\infty}\frac{p_{k}(x)}{k!}t^{k}$ .
$\overline{f}(t)$ $f(t)$ . :
$f(\overline{f}(t))=\overline{f}(f(t))=t$ .
13. $\{p_{n}(x)\}_{n\geq 0}$ ,








$)p_{n-k}^{*}(y)= \sum_{k\geq 0}p_{k}^{*}(x)p_{n-k}(y)$ .
$p_{n},$ $p_{n}^{*}$ $n<0$ (
$\mathbb{C}((x^{-1}))$ ) . :
1.2. $\{p_{n}(x)\}_{n\geq 0}$ . $n$
$p_{n}(x),$ $p_{n}^{*}(x)\in \mathbb{C}((x^{-1}))$ $\{p_{n}(x)\}_{n\in \mathrm{Z}},$ $\{p_{n}(x)\}_{n\in \mathrm{Z}}$
– :
$Qp_{n}(x)=np_{n-1}(x)$ , $Qp_{n}^{*}(x)=np_{n-1}^{*}(x)$ , $p_{n}(x)=xp_{n-1}^{r}(x)$ .
15
$p_{n}(x+y)= \sum_{k\geq 0}Pk(x)pn-k(y)$ ,
$p_{n}^{*}(x+y)= \sum_{k\geq 0}p_{k}(x)p_{n-k}^{*}(y)=\sum_{k\geq 0}p_{k}^{*}(x)p_{n-k}(y)$.
$n$ ( $n$ ) $x$ $y$
.
$\{p_{n}(x)\}_{n\in \mathrm{Z}},$ $\{p_{n}^{*}(x)\}_{n\in \mathrm{Z}}$ $Q$
$p_{n}(x)=p_{n}^{Q}(x),$ $p_{n}^{*}(x)=p_{n}^{*Q}(x)$ .












. (1) $Q=D= \frac{d}{dx}$ ( )
. $D$ $p_{n}^{D}(x),$ $p_{n}^{*D}(x)$ : $p_{n}^{D}(x)=$
$p_{n}^{*D}(x)=x^{n}$ . $p_{n}^{D}(x)$ $p_{n}^{*D}(x)$ – .
(2) $Q$ $\Delta^{+}$ .
$Qf(x)=\Delta^{+}f(x)=f(x+1)-f(x)$
16
. $x^{\underline{n}}$ . $x^{\underline{n}}$
:
$x^{\underline{n}}=\{$
$x(x-1)\cdots(x-n+1)$ , $n>0$ ,
1, $n=0$.
$x^{\underline{-n}}= \frac{1}{(x+1)(x+2)\cdots(x+n)}(n>0)$ .
$p_{n}^{\Delta^{+}}(x)$ $p_{n}^{*\Delta^{+}}(x)$ $p_{n}^{\Delta^{+}}(x)=x^{\underline{n}},$ $p_{n}^{*\Delta^{+}}(x)=(x-1)^{\underline{n}}$ . $p_{n}^{*\Delta^{+}}(x)$
$p_{n}^{\Delta^{+}}(x)$ 1 .
(3) $Q$ $\Delta^{-}$ . $Qf(x)=\Delta^{-}f(x)=f(x)-f(x-1)$
, $x^{\overline{n}}$ . $x^{\overline{n}}$
:
$x^{\overline{n}}=\{$
$x(x+1)\cdots(x+n-1)$ , $n>0$ ,
1, $n=0$ .
$x^{\overline{-n}}= \frac{1}{(x-1)(x-2)\cdots(x-n)}(n>0)$ . $p_{n}^{\Delta^{-}}(x)$
$p_{n}^{*\Delta^{-}}(x)$ $p_{n}^{\Delta^{-}}(x)=x^{\overline{\text{ }}},$ $p_{n}^{\mathrm{s}\Delta^{-}}(x)=(x+1)^{\overline{n}}$ .




$(x+ \frac{n-1}{2})(x+\frac{n-3}{2})\cdots(x-\frac{n-1}{2})$ , $n>0$ ,
1, $n=0$ .
$x^{-n}==(x^{=n})^{-1}=((x+ \frac{n-1}{2})(x+\frac{n-3}{2})\cdots(x-\frac{n-1}{2}))^{-1}(n>0)$
. $p_{n}^{\Delta^{0}}(x)$ $p_{n}^{*\Delta^{0}}(x)$ $p_{n}^{\Delta^{0}}(x)=x\cdot x^{n-1}=,$ $p_{n}^{*\Delta^{0}}(x)=x^{=n}$ .
$x^{=n}$ .
– ,






) $p_{n}(x)=p_{n}^{Q}(x)$ $p_{n}^{*}(x)=p_{n}^{*Q}(x)$ .
$\lambda=(\lambda_{1}, \ldots, \lambda_{N})\in \mathbb{Z}^{N}$ :
$\tilde{s}_{\lambda}(x_{1}, \ldots, x_{N})=\tilde{s}_{\lambda}^{Q}(x_{1}, \ldots, x_{N})=\det$ ,
$\tilde{s}_{\lambda}^{*}(x_{1}, \ldots, x_{N})=\tilde{s}_{\lambda}^{*Q}(x_{1}, \ldots, x_{N})=\det$ .
$p_{n},$ $p_{n}^{*}$ $n$ , $\lambda=\emptyset=(0, \ldots, 0)$
Vandermond . $\Delta(x_{1}, \ldots, x_{N})=$
$\prod_{1\leq i<j\leq N}(x:-x_{j})$ – :
$\tilde{s}_{\emptyset}(x_{1}, \ldots, x_{N})=\tilde{s}_{\emptyset}^{*}(x_{1}, \ldots’.x_{N})=\Delta(x_{1}, \ldots, x_{N})$.
:
$s_{\lambda}(x_{1}, \ldots, x_{N})=s_{\lambda}^{Q}(x_{1}, \ldots, x_{N})=\tilde{s}_{\lambda}(x_{1}, \ldots, x_{N})/\tilde{s}0(x_{1}, \ldots, x_{N})$,
$s_{\lambda}^{*}(x_{1}, \ldots,x_{N})=s_{\lambda}^{*Q}(x_{1}, \ldots, x_{N})=\tilde{s}_{\lambda}^{*}(x_{1}, \ldots, x_{N})/\tilde{s}_{\emptyset}^{*}(x_{1}, \ldots, x_{N})$ .
– ( Q D –
$s_{\lambda}^{D}$ $s_{\lambda}^{*D}$ ) . $s_{\lambda}$ $s_{\lambda}^{*}$ ,
– . $\lambda$ $N$
$s_{\lambda}(x_{1}, \ldots, x_{N})$ .
$s_{\lambda}^{*}(x_{1}, \ldots, x_{N})$ .
$\lambda$ , $\lambda_{1}\geq\ldots\geq\lambda_{N}\geq 0$
. :
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$s_{\lambda},$ $s_{\lambda}^{*}$ , – :
$e_{k}(x_{1}, \ldots, x_{N})=e_{k}^{Q}(x_{1}, \ldots, x_{N})=s_{(1^{k})}(x_{1}, \ldots, x_{N})$ ,
$e_{k}^{*}(x_{1}, \ldots, x_{N})=e_{k}^{*Q}(x_{1}, \ldots, x_{N})=s_{(1^{k})}^{*}(x_{1}, \ldots, x_{N})$ ,
$h_{k}(x_{1}, \ldots, x_{N})=h_{k}^{Q}(x_{1}, \ldots, X_{N)=S_{(k)(x_{1}}}, \ldots, x_{N})$ ,
$h_{k}^{*}(x_{1}, \ldots, x_{N})=h_{k}^{*Q}(x_{1}, \ldots, x_{N})=s_{(k)}^{*}(x_{1}, \ldots, x_{N})$ .
$e_{k}$ $e_{k}^{*}$ $0\leq k\leq N$ , $h_{k}$ $h_{k}^{*}$ $k$
( $-N+1\leq k\leq-1$ $h_{k}(x_{1}, \ldots, x_{N})=h_{k}^{*}(x_{1}, \ldots, x_{N})=0$
) . – , – , k
:
2.1. ( $\mathrm{e}_{N}$ $h_{-N}^{*}$ $Q$ ) :
$e_{N}(x_{1}, \ldots, x_{N})=x_{1}\cdots x_{N}$ , $h_{-N}^{*}(x_{1}, \ldots, x_{N})=(-)^{N-1}\frac{1}{x_{1}\cdots x_{N}}$ .
– :
2.2. :
$s_{(\lambda_{1\prime}\lambda_{N})},\ldots(x_{1}, \ldots, x_{N})=s_{(\lambda_{1}-1,\ldots,\lambda_{N}-1)}^{*}(x_{1}, \ldots, x_{N})\mathrm{x}x_{1}\cdots x_{N}$.
$s_{\lambda}$ $s_{\lambda}^{*}$ :
2.3. $\lambda_{1}\geq 0$ , :
$s_{\lambda}^{*}(x_{1}, \ldots, x_{N})=s_{\lambda}(x_{1}, \ldots, x_{N}, 0)$ .







$s_{\lambda}(x_{1}+u, \ldots, x_{N}+u)=\sum_{\mu\subseteq\lambda}d_{\lambda\mu}(u)s_{\mu}(.x_{1}, \ldots, x_{N})$
,
$s_{\lambda}^{*}(x_{1}+u, \ldots, x_{N}+u)=\sum_{\mu\subseteq\lambda}d_{\lambda\mu}(u)s_{\mu}^{*}(x_{1}, \ldots, x_{N})$
,
$s_{\lambda}^{*}(x_{1}+u, \ldots , x_{N}+u)=\sum_{\mu\subseteq\lambda}d_{\lambda\mu}^{*}(u)s_{\mu}(x_{1}, \ldots, x_{N})$
.
$d_{\lambda\mu}(u),$ $d_{\lambda\mu}^{*}(u)$ :
$d_{\lambda\mu}(u)=\det((_{\mu_{j}+N}^{\lambda_{i}+N}=_{j}^{i})p\lambda:-\mu_{j}-i+j(u))_{1\leq i,j\leq N}$ ,
$d_{\lambda\mu}^{*}(u)=\det((_{\mu_{j}+N}^{\lambda_{i}+N}=_{j}^{i})p_{\lambda_{i}-\mu_{j}-i+j}^{*}(u))_{1\leq:,j\leq N}$ .
([Mal] I 3 Ex.10) –
.
$d_{\lambda\mu}(u)$ ( $P(k)(u)= \frac{1}{k!}Pk(u)$ ) :
$\tilde{d}_{\lambda\mu}(u)=\frac{\prod_{j}(\mu_{j}+Nj)!}{\prod_{1}(\lambda_{i}+Ni)!}=d_{\lambda\mu}(u)=\det(p_{(\lambda_{i}-\mu_{j}-i+j)}(u))_{1\leq i,j\leq N}$ .











3.3. $\{c_{k}\}_{k\geq 0}$ $\{c_{k}’\}_{k\geq 0}$ $\sum_{k=0}^{n}(-)^{k}c_{k}c_{n-k}’=\delta_{n,0}$
. :
$\det(c_{\lambda_{1}-\mu_{j}-i+j})_{1\leq i,j\leq \mathrm{d}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{h}\lambda}=\det(c_{\lambda’-\mu_{j}’-i+j}’\dot{.})_{1\leq i,j\leq \mathrm{d}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{h}\lambda’}$ .
skew Schur function (Jacobi-Trudi
formula) .
4. , . ,
. :
$h_{k}(x_{1}, \ldots, x_{N}; u)=h_{k}(x_{1}+u, \ldots , x_{N}+u)$,
$e_{k}(x_{1}, \ldots, x_{N};u)=e_{k}(x_{1}-u, \ldots, x_{N}-u)$ ,
$h_{k}^{*}(x_{1}, \ldots, x_{N}; u)=h_{k}^{*}(x_{1}+u, \ldots, x_{N}+u)$,
$e_{k}^{*}(x_{1}, \ldots, x_{N}; u)=e_{k}^{*}(x_{1}-u, \ldots , x_{N}-u)$ .
4.1. $k\geq 0$ :
$e_{k}(x_{1}, \ldots, x_{N)}.u)=\sum_{\mathrm{t}\geq 0}e_{\mathfrak{l}}(x_{1}, \ldots, x_{N})p_{k-l}(u)$
$= \sum_{\iota\geq 0}e_{l}^{*}(x_{1}, \ldots, x_{N})p_{k-1}^{*}(u)$ ,
$e_{k}^{*}(x_{1}, \ldots, x_{N}; u)=\sum_{\mathrm{t}\geq 0}e_{l}^{*}(x_{1}, \ldots, x_{N})p_{k-}\iota(u)$.
4.2. $k\geq 0$ :
$h_{k}(x_{1}, \ldots, x_{N}; u)=\sum_{l\geq 0}h_{\iota}(x_{1}, \ldots, x_{N})p_{k-}\iota(u)$ ,
$h_{k}^{*}(x_{1}, \ldots , x_{N};u)=\sum_{\mathrm{t}\geq 0}h_{l}^{*}(x_{1}, \ldots, x_{N})p_{k-}\iota(u)$
$= \sum_{\mathrm{t}\geq 0}h_{l}(x_{1}, \ldots, x_{N})p_{k-\downarrow}^{*}(u)$ .
21
$\overline{|}e$
$h_{\lrcorner}$ $N$ $\overline{|}u$ $\text{ _{}*}$
.
, – :
$e_{k}^{*}(x_{1}, \ldots, x_{N};u)\neq\sum_{l\geq 0}e_{l}(x_{1}, \ldots, x_{N})p_{k-\downarrow}^{*}(u)$ ,
.
$h_{k}(x_{1}, \ldots, x_{N};u)\neq\sum_{\mathrm{t}\geq 0}h_{l}^{*}(x_{1}, \ldots, x_{N})p_{k-l}^{*}(u)$ .
42 $k\in \mathbb{Z}$ – :
4.3. :
$h_{k}(x_{1}, \ldots, x_{N};u)=\sum_{\mathrm{t}\geq 0}(_{N+l}^{N+k}=_{1}^{1})h_{l}(x_{1}, \ldots, x_{N})p_{k-l}(u)$,
$h_{k}^{*}(x_{1}, \ldots, x_{N}; \mathrm{u})=\sum_{\mathrm{t}\geq 0}h_{l}^{*}(x_{1}, \ldots, x_{N})p_{k-\downarrow}(u)$
$= \sum_{l\geq 0}h_{l}(x_{1}, \ldots, x_{N})p_{k-l}^{*}(u)$ .
4.4. :
$h_{k}(x_{1}, \ldots, x_{N};u)=\sum_{\mathrm{t}\geq 0}h_{k-l}(x_{1}, \ldots, x_{N})p_{l}(u)$ .
$h_{k}^{*}(x_{1}, \ldots, x_{N};u)=\sum_{l\geq 0}h_{k-\iota}^{*}(x_{1}, \ldots, x_{N})p_{l}(u)$
$= \sum_{\mathrm{t}\geq 0}h_{k-\mathrm{t}}(x_{1}, \ldots, x_{N})p_{l}^{*}(u)$ .
$Q$ :
4.5. :
$Q_{u}h_{k}(x_{1}, \ldots, x_{N}; u)=(N+k-1)h_{k-1}(x_{1}, \ldots, x_{N};u)$ ,
$Q_{u}h_{k}^{*}(x_{1}, \ldots, x_{N};u)=(N+k-1)h_{k-1}^{*}(x_{1}, \ldots, x_{N};u)$,
$Q_{u}e_{k}(x_{1}, \ldots,x_{N}; u)=(-N+k-1)e_{k-1}(x_{1}, \ldots,x_{N};u)$,
$Q_{u}\mathrm{e}_{k}^{*}(x_{1}, \ldots, x_{N}; u)=(-N+k-1)e_{k-1}^{*}(x_{1}, \ldots,x_{N};u)$ .
22
– ,
. , 4.1 .
$k=N$ $Q_{u}$ .
5. , . 2.1
:
5.1. :
$(u-x_{1}) \cdots(u-x_{N})=\sum_{\downarrow\geq 0}(-)^{l}.e\iota(x_{1}, \ldots, x_{N})p_{N-l}(u)$
$= \sum_{\mathrm{t}\geq 0}(-)^{l}e_{l}^{*}(x_{1\prime}\ldots. , x_{N})p_{N-l}^{*}(u)$ .
52. :
$\frac{1}{(u+x_{1})\cdots(u+x_{N})}=\sum_{\iota\geq 0}(-)^{t}h_{l}(x_{1}, \ldots, x_{N})p_{-N-\downarrow}^{*}(u)$
$= \sum_{l\geq 0}(-)^{l}h_{l}^{*}(x_{1}, \ldots, x_{N})p_{-N-l}(u)$ .
53. :
$\frac{1}{(u+x_{1})\cdots(u+x_{N})}=(-)^{N-1}\sum_{l\geq 0}(-)^{l}‘ h_{-N-l}(x_{1}, \ldots, x_{N})p_{l}^{r}(u)$
$=(-)^{N-1}. \sum_{l\geq 0}(-)^{l}h_{-N-l}^{*}(x_{1,}\ldots. , x_{N})p_{l}(u)$.
$e_{k},$ $e_{k}^{*},$ $h_{k},$ $h_{k}^{*}$ – . $p_{n}(x)$ $p_{n}^{*}(x)$
, .
. 51 $\{p_{n}(\mathrm{u})\}$ . $p_{n}(u)$
$n$
$(u-x_{1}) \cdots(u-x_{N})=\sum_{l\geq 0}(-)^{l}e_{l}(x_{1}, \ldots, x_{N})p_{N-l}(u)$
23
( $e\downarrow$ $p_{n}(u)$ 2 ) .
52, 53 $p_{n}(x),$ $p_{n}^{*}(x)$ $n$ ,
:
$\frac{1}{x+y}=\sum_{k\geq 0}(-)^{k}p_{k}(x)p_{-1-k}^{*}(y)=\sum_{k\geq 0}(-)^{k}p_{k}^{*}(x)p-1-k(y)$ .





$\prod_{1\leq i\leq N}\prod_{1\leq j\leq M}(y_{j}-x_{i})=\sum_{\lambda\supseteq\emptyset}(-)^{|\lambda|}s_{\lambda}(x)s_{\lambda\dagger}(y)$
$= \sum_{\lambda\supseteq\emptyset}(-)^{|\lambda|}s_{\lambda}^{*}(x)s_{\lambda\dagger}^{*}(y)$
.
$\lambda$ depth$(\lambda)\leq N,$ $\mathrm{d}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{h}(\lambda’)\leq M$ . $\lambda^{\uparrow}$
:





$\lambda$ depth$(\lambda)\leq N$ . $\lambda^{1}$ :
$\lambda^{\mathrm{t}}=(-N-\lambda_{N}, -N-\lambda_{N-1}, \ldots, -N-\lambda_{1})$ .
– . $M<N$





$(-)^{M(M-N)} \prod_{1\leq i\leq N}\prod_{1\leq j\leq M}\frac{1}{y_{j}+x_{i}}=\sum_{\lambda\supseteq\emptyset}(-)^{|\lambda|}s_{\lambda}^{*}(x)s_{\lambda\ddagger}(y)$
$= \sum_{\lambda\supseteq\emptyset}(-)^{|\lambda|}s_{\lambda}(x)s_{\lambda\dagger}^{*}(y)$
.
$\lambda$ dePth$( \lambda)\leq\min$ . $\lambda^{\mathrm{t}}$ :
$\lambda^{\ddagger}=(-\max-\lambda_{\min}, -\max-\lambda_{\min-1}, \ldots, -\max-\lambda_{1})$ .
$\min=\min(M, N),$ $\max=\max(M., N)$ .
. (1) 6.1 $d_{\lambda\mu}$ – :
$(-)^{|\lambda|}d_{\lambda\mu}(u)=(-)^{|\mu|}d_{\mu\lambda}\dagger\uparrow(-u)$.
$\tilde{d}_{\lambda\mu}$ 32 .
(2) 61 $\{p_{n}(u)\}$ . $p_{n}(u)$














, - $gl_{N}=g1_{N}(\mathbb{C})$ $U(g1_{N})$ .
$\mathrm{g}1_{N}$ $E_{ij}$ $E=(E_{ij})_{1\leq i,j\leq N}$ .
, . (
) ( $[\mathrm{C}\mathrm{a}1],$ $[\mathrm{H}\mathrm{U}]$ , [U1]):
$C^{\mathfrak{g}1_{N}}(u)=\det(E-u1+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}$ .
1 . $\# N$ $\mathfrak{h}_{N}=(N-1, N-2, \ldots., 0)$ $N$
. $\det$ $(\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{m}\mathrm{n}- \mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{t})$
. ( ) $N$ $Z=(Z_{ij})$ ,
$\det Z=\sum_{\sigma\in 6_{N}}\mathrm{s}\mathrm{g}\mathrm{n}(\sigma)Z_{\sigma(1)1}Z_{\sigma(2)2}\cdots Z_{\sigma(N)N}$
. $C^{\mathfrak{g}\mathrm{t}_{N}}(u)$ :
– :
$C_{k}^{g1_{N}}(u)= \sum_{1\leq i_{1}<\cdots<:_{k}\leq N}\det(E_{I}-u1+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}\S_{k})$
.
$I=(i_{1}, \ldots, i_{k})$ $Z=(Z_{ij})$ , $Z_{I}$ $(Z_{1_{a}i_{b}})_{1\leq a,b\leq k}k$
. k .
$([\mathrm{N}])$ :
$D_{k}^{\mathfrak{g}1_{N}}(u)= \sum_{1\leq i_{1}\leq\cdots\leq:_{k}\leq N}\frac{1}{I!}\mathrm{p}\mathrm{e}\mathrm{r}$ ( $E_{I}+u1_{I}-1_{I}$ diag $\mathfrak{h}_{k}$).
per $(\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{m}\mathrm{n}- \mathrm{p}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t})$ . $N$
$Z=(Z_{ij})$ :
per
$Z= \sum_{\sigma\in 6_{N}}Z_{\sigma(1)1}\cdots Z_{\sigma(N)N}$ .
26
$I!=m_{1}$ ! $\cdots m_{N}!$ . $m_{1},$ $\ldots,$ $m_{N}$ $I=$ $(i_{1}, \ldots , i_{k})$ :
$I=(i_{1}, \ldots, i_{k})=(1, \ldots,12, \ldots,2\wedge,\wedge m_{1}m_{2}, \ldots,\sim N, \ldots, N)m_{N}$.
– , $Z_{I}=(Z_{i_{\text{ }}i_{b}})_{1\leq a,b\leq k}$ $Z$ .
$C_{k}^{\mathrm{g}\mathfrak{l}_{N}}(u),$ $D_{k}^{\mathfrak{g}\mathrm{I}_{N}}(u)$ (
$U(g1_{N})$ ) :
7.1. u\in C , $C_{k}^{\mathfrak{g}\mathrm{i}_{N}}(u),$ $D_{k}^{\mathfrak{g}1_{N}}(u)\text{ }$ .
, $\mathrm{g}\text{ _{}N}$
, ( ) :
$\mathrm{g}1_{N}=\mathfrak{n}^{-}\oplus \mathfrak{h}\oplus \mathfrak{n}^{+}$.
$\mathfrak{n}^{-},$ $\mathfrak{h},$
$\mathfrak{n}^{+}$ $i>j,$ $i=j,$ $i<j$ $E_{ij}$ $\mathrm{g}1_{N}$





. . , $C_{k}^{\mathfrak{g}1_{N}}(u)$ $D_{k}^{\mathfrak{g}1_{N}}(u)$
.
. 9 ,
( shifted Schur function ) .
7.2.













$\mathrm{o}(S_{0})=\mathfrak{n}^{-}\oplus \mathfrak{h}\oplus \mathfrak{n}^{+}$ .
$\mathfrak{n}^{-},$ $\mathfrak{h},$
$\mathfrak{n}^{+}$ $i>j,$ $i=j,$ $i<j$ $F_{ij}^{o(S_{0})}$ $\mathrm{o}(S_{0})$
. $F^{o(S_{0})}$ , , $\mathfrak{n}^{-},$ $\mathfrak{h}$ ,
$\mathfrak{n}^{+}$ . – $F^{o(S_{0})}$
$U(\mathrm{o}(S_{0}))$ ,
. $([\mathrm{W}])$ :




$( \frac{N}{2}-1, \frac{N}{2}-2, \ldots, 0,0, \ldots, -\frac{N}{2}+1)$ , $N$ : ,
$( \frac{N}{2}-1, \frac{N}{2}-2, \ldots, \frac{1}{2},0, -\frac{1}{2}, \ldots, -\frac{N}{2}+1)$, $N$ : .
– :
7.3 ( ). $u\in \mathbb{C}$ $U(\mathrm{o}(S_{0}))$ :
$C_{k}^{\mathit{0}_{N}}(u)= \sum_{1\leq i_{1}<\cdots<:_{k}\leq N}\det(\tilde{F}_{I}^{o(S_{0})}-u1+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\frac{k}{2}, \frac{k}{2}-1, \ldots , -\frac{k}{2}+1))$ .
Fo(S :
$\tilde{F}^{a(S_{0})}=\{$
$F^{o(S_{0})}-\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1, \ldots, 1,0, \ldots, 0)$ , $N$ : ,








$\epsilon \mathfrak{p}(J)=\{Z\in g1_{N}|{}^{t}ZJ+JZ=0\}$ .
$(J)$ $F_{\iota j}^{f\mathfrak{p}(J)},=E_{ij}-J^{-1}E_{ji}J$ , $F^{\epsilon \mathfrak{p}(J)}=$





$\epsilon \mathfrak{p}(J_{0})=\mathfrak{n}^{-}\oplus \mathfrak{h}\oplus \mathfrak{n}^{+}$ .
$\mathfrak{n}^{-},$ $\mathfrak{h},$
$\mathfrak{n}^{+}$ $i>j.,$ $i=j,$ $i<i$ $F_{\dot{\iota}j}^{\mathfrak{p}(J_{0})}$‘ $\mathit{5}\mathfrak{p}(J_{0})$
. $F‘ \mathfrak{p}(J_{0})$ , ,
$\mathfrak{n}^{-},$ $\mathfrak{h},$
$\mathfrak{n}^{+}$ . $(J_{0})$ $\text{ _{}\mathrm{s}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{t}}$ .
:
7.4 $([\mathrm{I}5])$ . $u\in \mathbb{C}$ , $U(\epsilon \mathfrak{p}(J_{0}))$ :
$D_{k}^{t\mathfrak{p}_{N}}(u)= \sum_{1\leq i_{1}\leq\cdots\leq i_{k}\leq N}\frac{1}{I!}\mathrm{p}\mathrm{e}\mathrm{r}(\tilde{P}_{I^{\mathfrak{p}(J_{0})}}+u1_{I}-1_{I}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\frac{k}{2}, \frac{k}{2}-1, \ldots, -\frac{k}{2}+1))$.
$\tilde{F}^{\iota \mathfrak{p}(J_{0})}$ :
$\tilde{F}^{\mathfrak{p}(J_{0})}‘=F^{z\mathfrak{p}(J_{0})}+\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1, \ldots.\prime 1,0, \ldots, 0)$ .
29
,.
8. . $Q$ .
shifted Schur function , –
.
, .
81. $Q$ $\Delta^{+}$ . $p_{n}(x)=p_{n}^{\Delta^{+}}(x)$ $p_{n}^{*}(x)=$
$p_{n}^{*\Delta^{+}}(x)$ :
$p_{n}(x)=x^{\underline{n}}$ , $p_{n}^{*}(x)=(x-1)^{\underline{n}}$ .
$e_{k}=e_{k}^{\Delta^{+}}$ , $h_{k}=h_{k}^{\Delta^{+}}$
( $e_{k}^{*\Delta^{+}},$ $h_{k}^{*\Delta^{+}}$ 1 ) :
81. :
$e_{k}(x_{1}, \ldots, x_{N})$
$= \sum_{1\leq i_{1}<\cdots<i_{k}\leq N}(x_{\mathrm{t}_{1}}-N+k-1+i_{1})(x_{i_{2}}-N+k-2+i_{2})\cdots(x_{i_{k}}-N+i_{k})$ ,
$h_{k}(x_{1}, \ldots, x_{N})$
$= \sum_{1\leq i_{1}\leq\cdots\leq i_{k}\leq N}(x_{i_{1}}-N-k+1+i_{1})(x_{i_{2}}-N-k+2+i_{2})\cdots(x_{i_{k}}-N+i_{k})$ .
. – 21 $Q_{u}$ :
$e_{N}(x_{1}-u, \ldots, x_{N}-u)=(x_{1}-u)\cdots(x_{N}-u)$ .




82. $\lambda=(\lambda_{1}, \ldots, \lambda_{N})$ $\mathrm{g}1_{N}$ $\pi_{\lambda}^{\mathfrak{g}1_{N}}$ :
$\pi_{\lambda}^{\mathfrak{g}\mathrm{t}_{N}}(C_{k}^{q\mathrm{I}_{N}}(u))=e_{k}(l_{1},$
$\ldots,$





$= \sum_{1\leq i_{1}<\cdots<:_{k}\leq N}(\lambda_{i_{1}}+k-1)(\lambda_{i_{2}}+k-2)\cdots(\lambda_{i_{k}}+0)$
$= \sum_{1\leq l_{1}<\cdots<i_{k}\leq N}(l_{i_{1}}-N+k-1+i_{1})(l_{i_{2}}-N+k-2+i_{2})\cdots(l_{i_{k}}-N+i_{k})$
$=e_{k}(l_{1}, \ldots, l_{N})$ .
$\pi_{\lambda}^{g\mathfrak{l}_{N}}$ $(D_{k}^{\mathfrak{g}\mathrm{I}_{N}})$
$= \sum_{1\leq i_{1}\leq\cdot\prime\cdot\leq i_{k}\leq N}(\lambda_{i_{1}}-k+1)(\lambda_{l_{2}}-k+2)\cdots(\lambda:_{k}-0)$
$= \sum_{1\leq i_{1}\leq\cdots\leq i_{k}\leq N}(l_{i_{1}}-N-k+1+i_{1})(l_{i_{2}}-N-k+2+i_{2})\cdots(l_{i_{\mathrm{k}}}-N+i_{k})$
$=h_{k}(l_{1}, \ldots, l_{N})$ .
, shifted Schur function (
) $C_{k}^{\mathfrak{g}1_{N}}(u),$ $D_{k}^{\mathfrak{g}\mathrm{I}_{N}}(u)$ – quantum immanant
$([\mathrm{O}\mathrm{O}])$ .
8.2. ,
$Q$ . $\Delta^{-}$ $p_{n}(x)=p_{n}^{\Delta^{-}}(x)$ ,
$p_{n}^{*}(x)=p_{n}^{*\Delta^{-}}(x)$ :
$p_{n}(x)=x^{\overline{n}}$ , $p_{n}^{*}(x)=(x+1)^{\pi}$ .
$e_{k}=e_{k}^{\Delta^{-}}$ , $h_{k}=h_{k}^{\Delta^{-}}$




$= \sum_{1\leq i_{1}<\cdots<i_{k}\leq N}(x_{i_{1}}+N-k+1-i_{1})(x_{i_{2}}+N-k+2-i_{2})\cdots(x_{i_{k}}+N-i_{k})$,
$h_{k}(x_{1}, \ldots, x_{N})$
$= \sum_{1\leq i_{1}\leq\cdots\leq i_{k}\leq N}(x_{i_{1}}+N+k-1-i_{1})(x_{i_{2}}+N+k-2-i_{2})\cdots(x_{\mathfrak{i}_{k}}+N-i_{k})$ .
83. $Q$ . $\Delta^{0}$ $p_{n}(x)=$
$p_{n}^{\Delta^{0}}(x),$ $p_{n}^{*}(x)=p_{\text{ }^{}*\Delta^{0}}(x)$ :
$p_{n}(x)=x\cdot x^{n-1}=$, $p_{n}^{*}(x)=x^{=n}$.
$p_{n}(x)$ $e_{k}=e_{k}^{\Delta^{0}}$ $p_{n}^{*}(x)$ $h_{k}^{*}=h_{k}^{*\Delta^{0}}$
( $h_{k}$ ) :
8.4. :
$e_{k}(x_{1}, \ldots, x_{N})$
$= \sum_{1\leq i_{1}<\cdots<:_{k}\leq N}(x_{i_{1}}-\frac{N}{2}+\frac{k}{2}-1+i_{1})(x_{i_{2}}-\frac{N}{2}+\frac{k}{2}-2+i_{2})\cdots(x_{i_{k}}-\frac{N}{2}-\frac{k}{2}+i_{k})$
$= \sum_{1\leq i_{1}<\cdots<i_{k}\leq N}(x_{i_{1}}+\frac{N}{2}-\frac{k}{2}+1-i_{1})(x_{i_{2}}+\frac{N}{2}-\frac{k}{2}+2-i_{2})\cdots(x_{i_{\mathrm{k}}}+\frac{N}{2}+\frac{k}{2}-i_{\mathrm{k}})$
,
$h_{k}^{*}(x_{1}, \ldots, x_{N})$
$= \sum_{1\leq i_{1}\leq\cdots\leq i_{k}\leq N}(x_{i_{1}}-\frac{N}{2}-\frac{k}{2}+i_{1})(x_{i_{2}}-\frac{N}{2}-\frac{k}{2}+1+\mathrm{i}_{2})\cdots(x_{i_{k}}-\frac{N}{2}+\frac{k}{2}-1+i_{k})$




$C_{k}^{\mathit{0}_{N}}(u)$ ( , $n=N/2$
) :
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$\lambda_{i}+\frac{N}{2}-i$ , $1 \leq i\leq\frac{N}{2}$ ,




$\ovalbox{\tt\small REJECT}$ ) . $l_{1},$ $\ldots,$ $l_{N}$ :
$l_{i}=\{$
$\lambda_{i}+\frac{N}{2}-i$ , $1\leq i\leq n^{\uparrow-}1$ ,
$\lambda_{i}$ , $i=n^{\uparrow}$ ,
$\lambda_{i}+\frac{N}{2}-i+1$ , $n^{\uparrow}+1\leq i\leq N$ .
$D_{k}^{\mathrm{s}\mathfrak{p}_{N}}(u)$ :










$\lambda_{i}+\frac{N}{2}+1-i$, $1 \leq i\leq\frac{N}{2}$ ,







( , ) .




, [U3] $C_{k}^{\mathfrak{g}1_{N}}(u)$ $D_{k}^{g\mathrm{I}_{N}}(u)$ (Wronski )
.
9:1 ( ). :
$\sum_{k=0}^{\epsilon}(-)^{k}D_{k}^{g1_{N}}(u)C_{s-k}^{\mathfrak{g}1_{N}}(s-1-u)=\delta_{s,0}$.








91. 91 (9.1) 51 52 .
5.1 :
$(u+v-x_{1}) \cdots(u+v-x_{N})=\sum_{\mathrm{t}\geq 0}(-)^{l}e\iota(x;u)v^{\underline{N-l}}$ .
52 :
$(u+v+x_{1})^{-1} \cdots(u+v+x_{N})^{-1}=\sum_{\mathrm{t}\geq 0}(-)^{l}h_{\iota}(x;u)(v-1)^{\underline{-N-l}}$
$= \sum_{\mathrm{t}\geq 0}(-)^{1}h_{l}(x;u)\frac{1}{v^{\overline{N+l}}}$ ,
34
$(-u-v+x_{1})^{-1} \cdots(-u-v+x_{N})^{-1}=\sum_{\mathrm{t}\geq 0}(-)^{\mathrm{t}}h_{l}(x;-u)\frac{1}{(-v)^{\overline{N+l}}}$
$=(-)^{N}. \sum_{l\geq 0}h_{l}(x;-u)\frac{1}{v^{\underline{N+l}}}$ .
$\iota$
:
$1= \sum_{k\geq 0}\sum_{\mathrm{t}\geq 0}(-)^{k}e_{k}(x;u)h_{l}(x;-u)\frac{v^{\underline{N-k}}}{v^{\underline{N+\downarrow}}}$ .





$= \sum_{m\geq 0}\frac{1}{m!}(k+l+m-1)^{\underline{m}}(N+l+m-\cdot 1)^{\underline{m}}v^{\underline{-k-l-m}}$
$= \sum_{m\geq 0}(k+l+m-1)^{\underline{m}}v^{\underline{-k-l-m}}$ .
42
$1= \sum_{k\geq \mathit{0}}\sum_{l\geq 0}(-)^{k}e_{k}(x;u)h_{l}(x:-\prime u)\frac{v^{\underline{N-k}}}{v^{\underline{N+l}}}$
$= \sum_{k\geq 0}\sum_{\iota\geq 0}(-)^{k}e_{k}(x;u)h_{l}(x;-u)\sum_{m\geq 0}(k+l+m-1)^{m\underline{-k-l-m}}\neg)$
$= \sum_{k\geq 0}\sum_{r\geq 0}(-)^{k}e_{k}(x;u)v^{\underline{-k-r}}\sum_{l+m=r}h\iota(x;-u)(k+r-1)^{\underline{m}}$
$= \sum_{k\geq 0}\sum_{r\geq 0}(-)^{k}e_{k}(x;u)v^{\underline{-k-r}}h_{r}(x;k+r-1-u)$
35




9.2. (9.2) $\Delta^{+}$ $\Delta^{-}$
:
(93) $e_{k}^{\Delta^{+}}(x;u)=e_{k}^{\Delta^{-}}(x;u+N-k)$ , $h_{k}^{\Delta^{+}}(x;u)=h_{k}^{\Delta^{-}}(x;u-N-k+2)$ .
– $\Delta^{+}=E^{1}\Delta^{-}$ $e_{N^{+}}^{\Delta}(x;u)=e_{N}^{\Delta^{-}}(x;u)$ (




$e_{k}$ $h_{k}$ $h_{k}^{*}$ .
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